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Abstract
We study integrable models in the Bianchi I metric case with scalar fields mini-
mally and non-minimally coupled with gravity and the correspondence between their
general solutions. Using the model with a minimally coupled scalar field and a constant
potential as an example, we demonstrate how to obtain the general solutions of the
corresponding models in the Jordan frame.
PACS: 98.80Jk; 98.80Cq; 04.20-q; 04.20Jb
1 Introduction
Cosmological models with scalar fields play a central role in the description of the global
evolution of the Universe. Models with the Ricci scalar multiplied by a function of the scalar
field are quite natural because quantum corrections to the effective action with minimal
coupling include non-minimal coupling terms [1, 2]. Modern inflationary models with a non-
minimally coupled scalar field not only do not contradict the recent observational data [3],
but also connect cosmology and particle physics [5, 4, 6].
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1
We consider a cosmological model with the following action
S =
∫
d4x
√−g
[
U(σ)R − 1
2
gµνσ,µσ,ν − V (σ)
]
, (1)
where U(σ) and V (σ) are differentiable functions of the scalar field σ.
In our previous papers [7, 8, 9] we considered integrable cosmological models with a
Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) metric and found new integrable models
with a non-minimal coupling by using the knowledge of the corresponding minimally coupled
models. The goal of this paper is to sketch the generalization of the method developed before
to the case of the Bianchi–I cosmology.
2 The model with non-minimal coupling in the Bianchi
I metric
Let us consider the Bianchi I metric with the interval
ds2 = −N2(τ)dτ 2 + a2(τ) (e2β1(τ)dx21 + e2β2(τ)dx22 + e2β3(τ)dx23) , (2)
where a(τ) is the scale factor, N(τ) is the lapse function, and the functions βi(τ) satisfy the
constraint β1(τ) + β2(τ) + β3(τ) = 0. Following the papers [10, 11], we introduce the shear
θ ≡ β˙21 + β˙22 + β˙23 = 2
(
β˙21 + β˙
2
2 + β˙1β˙2
)
, (3)
here and hereafter a “dot” means a derivative with respect to time, whereas a “prime” means
a derivative with respect to σ.
On varying the action (1), one gets the following equations in the Bianchi I metric:
(
6h2 − θ)U + 6hU ′σ˙ = 1
2
σ˙2 +N2V , (4)
4Uh˙ + 6Uh2 − 4UhN˙
N
+ 2U ′′σ˙2 + U
[
θ − 2β¨i − 6hβ˙i + 2N˙
N
β˙i
]
+
+ 2U ′
[
σ¨ + 2hσ˙ − β˙iσ˙ − σ˙ N˙
N
]
= − 1
2
σ˙2 +N2V ,
(5)
σ¨ +
(
3h− N˙
N
)
σ˙ − 6U ′
[
h˙ + 2h2 − hN˙
N
+
1
6
θ
]
+N2V ′ = 0 , (6)
where h ≡ a˙/a. We also get the equation for θ which can be integrated easily:
θ˙ = 2
[
N˙
N
− 3h− U˙
U
]
θ ⇒ θ = N
2
U2a6
θ0. (7)
By definition θ > 0, thereby, a constant θ0 > 0.
2
3 Integrable models with a minimal and non-minimal
coupling
Let us make a conformal transformation of the metric gµν =
U0
U
g˜µν , where U0 is a positive
constant. We also introduce such a new scalar field φ that
dφ
dσ
=
√
U0(U + 3U ′2)
U
⇒ φ =
∫ √
U0(U + 3U ′2)
U
dσ. (8)
As a result the action (1) transforms to the following action with the minimal coupling:
S =
∫
d4x
√
−g˜
[
U0R(g˜)− 1
2
g˜µνφ,µφ,ν −W (φ)
]
, where W (φ) =
U20V (σ(φ))
U2(σ(φ))
. (9)
In the Einstein frame the metric (2) transforms to the following Bianchi I metric
ds2 = − N˜2(τ)dτ 2 + a˜2(τ) (e2β1(τ)dx21 + e2β2(τ)dx22 + e2β3(τ)dx23) , (10)
where the new lapse function and the new scalar factor are
N˜ =
√
U
U0
N, a˜ =
√
U
U0
a.
The functions βi are the same in both frames. The equations in the Einstein frame are:
U0
(
6h˜2 − θ
)
=
1
2
φ˙2 + N˜2W, (11)
4U0
˙˜h+ 6U0h˜
2 − 4U0h˜
˙˜N
N˜
+ U0θ = −1
2
φ˙2 + N˜2W, (12)
φ¨+
(
3h˜−
˙˜N
N˜
)
φ˙+ N˜2W,φ = 0, (13)
θ˙ = 2
[
˙˜N
N˜
− 3h˜
]
θ, (14)
where h˜ ≡ ˙˜a/a˜. It is easy to solve Eq. (14) and obtain
θ = θ0
N˜2
a˜6U20
= θ0
N2
a6U2
. (15)
Let us suppose that for some potential W we know the general solution of the system
(11)–(13), that is we know explicitly or in quadratures the functions φ(τ), a˜(τ), N˜(τ). On
using (15), we obtain the function θ(τ). We also suppose that the function σ(φ) is known.
For this case, the general solution of the system of equations (4)–(6) with the potential
V (σ) = U2(σ)W (φ(σ))/U20 , is given by
σ(τ) = σ(φ(τ)), a(τ) =
√
U0
U(σ(φ(τ)))
a˜(τ), N(τ) =
√
U0
U(σ(φ(τ))
N˜(τ). (16)
3
Let us consider as an example the case of a constant potential: W (φ) = Λ > 0. On
summing Eqs. (11) and (12) and choosing N˜ = 1, we get the equation on the Hubble
parameter that gives two solutions:
˙˜
h + 3h˜2 =
Λ
2U0
⇒ h˜1 =
√
Λ
6U0
tanh(υ), h˜2 =
√
Λ
6U0
coth(υ), υ =
√
3Λ
2U0
(τ − τ0),
These solutions correspond to scale factors and, on solving Eq. (13), φ˙:
a˜1 = a˜0 cosh(υ)
1/3, a˜2 = A˜0 sinh(υ)
1/3, φ˙1 =
c1
cosh(υ)
, φ˙2 =
c2
sinh(υ)
.
Here τ0, a˜0, A˜0, c1 and c2 are integration constants. The functions obtained should satisfy
Eq. (11). After substitution we get θ0 = −a˜60U0(Λ+c21/2) for the first solution. The inequality
θ0 < 0 means that such a solution does not exist and one should select the second solution.
For the second solution Eq. (11) gives θ0 = A˜
6
0U0(Λ− c22/2). The function φ2 is equal to
φ2(τ) = −
2c2
√
6U0
3
√
Λ
arctanh (eυ) + c0, (17)
where c0 is a constant. The condition θ0 > 0 gives c
2
2 6 2Λ.
Similar solutions have been found in the FLRW metric case [9, 12]. The only difference
from the FLRW case is the form of the constraint on the possible values of the integration
constants that are defined by Eq. (11). The general solution obtained for the model with
a minimal coupling and a constant potential and formulae (16) allows one to find general
solutions for a model with a nonminimal coupling and the potential V = ΛU2/U20 . Thus, we
have a set of integrable cosmological models in the Bianchi I metric.
4 Conclusions
In this short paper we have shown that the method for the construction of integrable models
with a non-minimally coupled scalar field proposed in [7], can be generalized to Bianchi
I models. We just considered a simple example with a constant potential, and we hope
to present examples with more complicated potentials in a future publication [13]. The
integrable Bianchi–I model without a scalar field, but with constant cosmological, stiff matter
and dust has been considered in papers [14, 15], where general solutions have been found.
It would be interesting to generalize our approach to cosmological models with dust and
radiation. The number of known integrable Bianchi I models is less than number of integrable
FLRW models1. We hope that the proposed method can help one to obtain new integrable
models with minimal and non-minimal coupling.
A.K. was partially supported by the RFBR grant 14-02-00894. Research of E.P. is sup-
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1The list of integrable FLRWmodels with a minimal coupling is presented in [16], some integrable Bianchi
I models are presented in [17].
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